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Wormholes are tunnels connecting different regions in space-time. They were ob-
tained originally as a solution for Einstein’s General Relativity theory and according to
this theory they need to be filled by an exotic kind of anisotropic matter. In the present
sense, by “exotic matter” we mean matter that does not satisfy the energy conditions.
In this article we propose the modelling of wormholes within an alternative gravity the-
ory that proposes an extra material (rather than geometrical) term in its gravitational
action. Our solutions are obtained from well-known particular cases of the wormhole
metric potentials, named redshift and shape functions, and yield the wormholes to be
filled by a phantom fluid, that is, a fluid with equation of state parameter ω < −1. In
possession of the solutions for the wormhole material content, we also apply the energy
conditions to them. The features of those are carefully discussed.
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1. Introduction
In Einstein’s General Relativity (GR), there is a kind of solution that describes
geometrical bridges which can connect two far-off regions in the universe or even
two separated universes. Those bridges are known as wormholes (WHs). The WH
concept was firstly proposed by Hermann Weyl (1921) in Ref.1 in connection with
mass analysis of the Einstein’s field equations (although he did not use the term
“wormhole” but “one-dimensional tubes” instead).
The first WH solution discovered was the Schwarzchild WH (the simplest ex-
ample of WH). Einstein and Rosen in 1935 transformed the radial coordinates of
Schwarzchild metric to give this example of static WH which is also known as
Einstein-Rosen bridge.2 The Schwarzchild WHs are considered as an intrinsic part
of the maximally extended model of the Schwarzchild metric. Here, by “maximally
extended” we mean the idea that space-time does not have any edges.
A traversable WH can be visualized as a tunnel in space-time with two ends
(or mouths), through which observers may safely traverse. The whole concept of
traversable WHs is quite exciting because they admit the superluminal travel as a
global effect of space-time topology. This was demonstrated by Morris and Thorne
in a metric representing a static traversable WH.3
According to GR, traversable WHs are only possible if exotic matter exists at
their throat, which involves an energy-momentum tensor violating the null energy
condition (NEC),3 which is in turn a part of the weak energy condition (WEC),
whose physical meaning is that the energy density is non-negative in any reference
frame.
On the other hand, modified gravity has been deeply analysed due to some
GR apparent incompleteness in some regimes.4–8 The concept in these theories is
basically to use an arbitrary but appropriate function in the gravitational action
which generates extra terms in the field equations of GR.
Once these alternative paths have shown good results (besides,5,6 check, for
instance,9–13), in this paper we will present the solution and behaviour of WHs
under the f(R, T ) gravitational action,14 for which R is the Ricci scalar and T is
the trace of the energy-momentum tensor. Using the appropriate metric for the
static WH, the importance of the redshift and shape functions will be observed on
different cases, analysing the possibility of generating a traversable WH.
It is important to quote that f(R, T ) gravity has been applied to different areas of
astrophysics and cosmology, yielding interesting and observationally testable results,
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as it can be checked, for instance, in.15–20
Some more recent f(R, T ) gravity applications are presented in the following.
Some analysis about compact stellar structures in f(R, T ) gravity were made.21,22
Particularly, the hydrostatic equilibrium configurations of strange stars were ob-
tained,23,24 with the latter reference regarding an anisotropic distribution of matter
inside such stars. Anisotropic stellar filaments evolving under expansion-free con-
dition were analysed25 and the dynamical stability of shearing viscous anisotropic
fluid with cylindrical symmetry was investigated.26
Perhaps the most intriguing of the observed features of the universe is its accel-
erated expansion.27,28 While GR can explain it through the cosmological constant,
which suffers from a serious fine-tuning problem,29,30 alternative gravity can well
address this particular issue.31–33 Also, a phantom fluid, that is, a fluid with equa-
tion of state (EoS) parameter ω < −1, permeating the universe could well fit the
observations indicating the cosmic acceleration.34–36
From some particular well addressed cases for the WHs redshift and shape func-
tions, in this article we will obtain the material content solutions for WHs. In
possession of those we will apply the energy conditions to them. Those disfavour a
constant redshift function, which is broadly assumed in the literature. We will also
derive the anisotropic dimensionless parameter (recall that WHs material content
is described by an anisotropic energy-momentum tensor) and show that these WHs
are filled and supported by a phantom fluid. The latter conclusion may yield some
new thoughts on a cosmological scenario perspective and those are presented and
discussed.
2. An alternative gravity with extra material terms
Nowadays the most popular alternative gravity theory is the f(R) gravity,37–39
which takes general terms of R in its gravitational action. Although being popular,
it suffers from some persistent shortcomings.40–43
Instead of taking general terms of geometrical aspect in the action, one can also
take material extra terms. That is the case, for instance, of the f(R,Lm) theory11
and energy-momentum tensor squared gravity.44
Let us consider a gravity theory that takes terms proportional to the trace of
the energy-momentum T in its action. According to Ref.,14 such an action reads
S =
1
16pi
∫
d4x
√−gf(R, T ) +
∫
d4x
√−gLm, (1)
where f(R, T ) is an arbitrary function of Ricci scalar, R = Rij and T = T
i
J is the
trace of the stress-energy tensor of the matter with g being the metric determinant.
Lm is the matter Lagrangian density corresponding to the matter. Here, we have
assumed the speed of light c = 1 and gravitational constant G = 1.
By varying the action S with respect to the metric gij , the following f(R, T )
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field equations are obtained14
RijfR(R, T )− 1
2
f(R, T )gij + (gij−∇i∇j)fR(R, T ) =
8piTij − fT (R, T )θij − fT (R, T )Tij . (2)
Here, the notations are fR(R, T ) = ∂f(R, T )/∂R, fT (R, T ) = ∂f(R, T )/∂T and
the term θij is defined as
θij = g
αβ δTαβ
δgij
= −2Tij + gijLm − 2gαβ ∂
2Lm
∂gij∂gαβ
. (3)
Moreover, Rij and gij are the Ricci and metric tensors.
We take, as it is is usually done in the literature, the stress energy momentum
tensor of WHs as
Tij = (ρ+ pt)uiuj − ptgij + (pr − pt)XiXj , (4)
where ρ, pr and pt are the energy density, radial pressure and tangential pressure,
respectively. Moreover ui and Xi are four velocity vector and radial unit four vector,
satisfying the relations uiui = 1 and X
iXi = −1.
It is important to highlight that Lm can be expressed with certain arbitrari-
ness.11,45 We shall consider here that Lm = −P, with P = pr+2pt3 being the total
pressure. In this way, Eq.(3) can be rewritten as θij = −2Tij − Pgij .
The f(R, T ) gravity field equations (2) for f(R, T ) = R+ 2f(T ) then takes the
form
Rij − 1
2
Rgij = (8pi + 2λ)Tij + λgij(ρ− P), (5)
where f(T ) = λT and λ is an arbitrary constant.
An interesting and intriguing property of the f(R, T ) theory of gravity, that can
be extracted from Eq.(5), is the non-conservation of the energy-momentum tensor.
From (5),
∇iTij =
(
λ
8pi + λ
)
∇igij(P − ρ). (6)
The particular consequences of the (non)-conservation of the energy-momentum
tensor in f(R, T ) gravity have been explored. Inspired by,46 the cosmological conse-
quences of the energy-momentum tensor non-conservation in f(R, T ) gravity were
deeply investigated.47 Also, the non-conservation of the energy-momentum tensor
implies in non-geodesic motions for test particles in gravitational fields as it was
deeply investigated.48 In49,50 a different approach was considered. The authors have
independently constructed a formalism in which an effective fluid is conserved in
f(R, T ) gravity, rather than the usual energy-momentum tensor non-conservation.
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3. Wormhole field equations
The static spherically symmetric WH metric with Schwarzschild coordinates
(t, r, θ, φ) is3,51
ds2 = ea(r)dt2 − dr
2
1− b(r)r
− r2(dθ2 + sin2θdφ2), (7)
where a(r) and b(r) are the redshift function and shape function, respectively. More-
over, r is the radial coordinate, which increases from a minimum radius value to∞,
i.e. r0 ≤ r <∞, where r0 is known as the throat radius. A flaring out condition of
the throat is considered as an important condition to have a typical WH solution,
such that b−b
′r
b2 > 0
3 and at the throat, r = r0 = b(r0). Also, in order to have WH
solutions, b(r) must satisfy b′(r0) < 1. The absence of horizons and singularities is
ensured when the redshift function a(r) is finite and nonzero throughout the space
time.3
The main conditions for the shape function b(r) are related to the shape of the
WH, determined by the mathematics of embedding:
d2r
dz2
=
b(r)− b′(r)r
2b2(r)
> 0 (8)
at or near the throat. The function z = z(r) determines the profile of the embedding
diagram of the WH,
z(r) = ±
∫ r
r0
dr√
r
b(r) − 1
, (9)
which is obtained by rotating the graph of the function z(r) around the vertical
z-axis.
The general field equations (5) for the metric (7) are given as
b(r) + a′r − a′r2
r3
= −(8pi + 2λ)pr + λ
(
ρ− pr + 2pt
3
)
, (10)
(2r2a′′ + r2a′2)(b− r) + ra′ (rb′ + b− 2r) + 2 (rb′ − b)
4r3
= −(8pi + 2λ)pt + λ
(
ρ− pr + 2pt
3
)
, (11)
b′(r)
r2
= (8pi + 2λ)ρ+ λ
(
ρ− pr + 2pt
3
)
. (12)
Also, by developing (6), we obtain
(8pi + 3λ)ρ′ +
(
8pi +
5
3
λ
)
(p′r + 2p
′
t) = 0. (13)
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From the above equations, the explicit form of the WH matter content, namely
ρ, pr and pt, are obtained as
ρ = rF1(r) (48pib
′ − λ (F2(r)(b− r) + a′(F3(r) + 2)− 16b′)) , (14)
pr = F1(r) (48(r − 1)ra′ + λr (−rF2(r) + a′F4(r) + 8b′) + bλ(r(F2(r) + a′)− 24)− 48pib) ,
(15)
pt =
F1(r)(λ(2ra
′ + r(r(5F2(r) + 8a′)− F6(r)) + b(12− 5r(F2(r) + a′))
− 12pi (r(F5(r)− F2(r)− 2a′) + b(r(F2(r) + a′′)− 2))) . (16)
In the above equations and henceforth a prime denotes derivative with respect
to the radial coordinate r. Moreover, for mathematical simplifications, the functions
Fi(r), where i runs from 1 to 6, were defined as
F1(r) ≡
(
48(λ+ 2pi)(λ+ 4pi)r3
)−1
, (17)
F2(r) ≡ 2ra′′ + ra′2, (18)
F3(r) ≡ r(b′ − 4) + b, (19)
F4(r) ≡ r(b′ + 20)− 22, (20)
F5(r) ≡ b(ra′ + 2), (21)
F6(r) ≡ b′(5ra′ + 4). (22)
Furthermore, the dimensionless anisotropy parameter for anisotropic pressures,
as the present case, is defined as52
∆ =
pt − pr
ρ
. (23)
Since ρ > 0, the relation ρ∆r represents a force due to the anisotropic nature of the
WH model. Geometry is attractive if pt < pr, i.e. ∆ < 0, and repulsive if pt > pr,
i.e. ∆ > 0. The fluid is isotropic for ∆ = 0, i.e. pr = pt.
4. Wormhole Models with Hyperbolic Shape Function
We will consider here the following specific form for the shape function53
b(r) = m tanh(nr), (24)
wherem and n > 0 are constants. As we quoted above, to admit the necessary metric
conditions of WHs we have b(r0) = r0 and the flaring out condition b
′(r0) − 1 < 0
as it is represented in the Fig.1.
From such a figure, we have b(r) < r for r > r0 and
b(r)
r → 0 as r →∞ showing
an asymptotically flat behaviour. In the present article we have considered the WH
throat where b(r) − r cuts r−axis, i.e. r0 = 2 as b(2) ≈ 1.99998 with m = 2 and
n = 3.
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Fig. 1. Variation of shape function with m = 2 and n = 3.
4.1. Logarithmic redshift function
In order to obtain traversable WHs, we consider a logarithmic form for the redshift
function as54
a(r) = ln
(r0
r
+ 1
)
, (25)
By substituting Equations (24) and (25) in (14-16), we obtain ρ, pr, pt and the
radial EoS parameter ωr =
pr
ρ as
ρ =
F1(r)
(r + r0)2
[
G1(r)G4(r) sech
2(nr)− λr0(m tanh(nr)(3r + 2r0) +G7(r))
]
, (26)
pr =
F1(r)
(r + r0)2
[−m tanh(nr)G3(r) + λG1(r)(8r + 7r0) sech2(nr) + λG2(r)− 48pir0(r − 1)(r + r0)] ,
(27)
pt =
F1(r)
(r + r0)2
[
m tanh(nr)G5(r)−G1(r) sech2(nr)(λ(4r − r0) + 12pi(2r + r0)) +G6(r)
]
,
(28)
ωr(r) =
−m tanh(nr)G3(r) + λ(G1(r)(8r + 7r0) sech2(nr) +G2(r))− 48pir0(r − 1)(r + r0)
G1(r)G4(r) sech
2(nr)− λr0(m tanh(nr)(3r + 2r0) +G7(r))
,
(29)
where Gj(r), with j running from 1 to 7, are expressed by the following forms
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G1(r) = mnr(r + r0), (30)
G2(r) = r0(r(−24r − 23r0 + 22) + 22r0), (31)
G3(r) = λ(24r
2 + 4rr0 + 22r
2
0) + 48(r + r0)
2, (32)
G4(r) = 48pi(r + r0) + λ(16r + 17r0), (33)
G5(r) = λ(12r
2 + 9rr0 + r
2
0) + 12pir(2r + r0), (34)
G6(r) = λr0(r(12r + 7r0 − 2)− 2r0) + 12pirr0(2r + r0), (35)
G7(r) = r0(r − 2)− 2r. (36)
4.1.1. Energy conditions
The main energy conditions, such as the NEC, WEC, strong energy condition (SEC)
and dominant energy condition (DEC) can be expressed directly in terms of ρ, pr, pt
as follows:51,55,56
• WEC → ρ ≥ 0, ρ+ pi > 0,
• NEC → ρ+ pi ≥ 0,
• SEC → ρ+ pr + 2pt ≥ 0,
• DEC → ρ ≥| pi |.
NEC represents the attractive nature of gravity. DEC states that the velocity of
energy transfer cannot be higher than the speed of light. SEC stems from the at-
tractive nature of gravity and its form is the direct result of considering a spherically
symmetric metric in the GR framework. In a series of works, such as,57–60 one can
find that the energy conditions may be obtained to traversable WHs in modified
gravity.
From the quantities above, we can plot the energy density as well as the energy
conditions in Figs.2-5 below. In all figures, we consider the free parameters m = 2
and n = 3.
From Fig.3 one can observe that NEC for ρ+ pr validates for small r. Note that
when NEC is violated, it implies that WEC will be also violated, while if WEC is
valid, it does not imply that the NEC is satisfied. In the literature, these features
have been discussed in different contexts including f(R) gravity,60,61 f(T ) grav-
ity,62,63 with T being the torsion scalar, and curvature-matter coupling theories.64
Fig.4 shows the validation of DEC for radial case.
Moreover, in Figs.5-7 we plot the strong energy condition, radial EoS parameter
and the dimensionless anisotropic parameter.
4.2. Constant redshift function
In this case, we set the redshift function a(r) = 1, such as in Refs.,65,66 for example,
as many others. Using this redshift function in Equations (14)-(16), the explicit form
of matter quantities reduces to
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Fig. 2. Energy density as a function of r for different λ.
Fig. 3. Null energy condition, ρ+ pr ≥ 0.
ρ =
rF1(r)
16
(3pi + λ) b′, (37)
pr = −F1(r)
8
[−λrb′ + (6pi + 3λ)b] , (38)
pt = −F1(r)
4
[(6pi + λ)rb′ − (6pi + 3λ)b] . (39)
The explicit expressions for the matter quantities and radial EoS parameter are
obtained by substituting Eq.(24) in the above equations, leading to
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Fig. 4. Dominant energy condition, ρ ≥ |pr|.
Fig. 5. Strong energy condition, ρ+ pr + 2pt ≥ 0.
ρ =
rF1(r)
16
mn(λ+ 3pi)sech2(nr), (40)
pr =
F1(r)
8
m
[
nλrsech2(nr)− 3(λ+ 2pi) tanh(nr)] , (41)
pt =
F1(r)
2
msech2(nr) [3(λ+ 2pi) sinh(2nr)− 2n(λ+ 6pi)r] , (42)
ωr(r) =
2λnr − 3(λ+ 2pi) sinh(2nr)
4(λ+ 3pi)nr
. (43)
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Fig. 6. Radial equation of state parameter ωr as a function of r and λ.
Fig. 7. Dimensionless anisotropic parameter ∆ as a function of r and λ.
4.2.1. Energy conditions
From the quantities above, we plot the energy density as well as the energy condi-
tions in Figs.8-11. In all figures we take m = 2 and n = 3.
The energy density is always positive as shown in Fig. 8.
From Fig.9 it is observed that NEC for radial pressure is violated.
DEC for radial pressure is valid for r > 0 as plotted in Fig.10.
We can observe from Fig.11 that SEC violates everywhere and tends to zero for
large values of r.
The radial state parameter ωr(r) is always < −1 in support of the violation of
NEC in radial pressure for modified gravity as plotted in Fig.12.
We also plot the dimensionless anisotropic parameter in Fig.13.
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Fig. 8. Variation of the energy density.
Fig. 9. Null energy condition, ρ+ pr ≥ 0.
5. Discussion
We have proposed the f(R, T ) gravity as the background theory to deeply analyse
WH solutions. The analysis of WHs in modified gravity theories is mainly occa-
sioned by the possibility of obtaining material sector solutions that obey the energy
conditions, so that they do not have to be referred to as “exotic”. According to the
f(R, T ) gravity authors, the T -dependence of the theory is motivated by the (pos-
sible) existence of imperfect fluids in the universe.14 In this way, the study of WHs,
whose matter content is anisotropically distributed, in this theory is well motivated.
For the choice of the function f(R, T ), which a priori is arbitrary, we have taken
f(R, T ) = R + 2λT . The same choice has been made by many authors in many
different applications of the theory, such as the recent references.17,67–70
We have then substituted the Morris-Thorne WH metric (7) in the field equa-
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Fig. 10. Dominant energy condition, ρ ≥ |pr|.
Fig. 11. Strong energy condition, ρ+ pr + 2pt ≥ 0.
tions (5) of the model. The material solutions were obtained from a hyperbolic shape
function, such as in Ref.,53 for logarithmic54 and constant redshift functions.65,66
Moreover, it is important to remark that departing from many references in
the present literature, we have not assumed any EoS parameter. Rather, we have
obtained it from the model.
ωr is plotted for the two cases in Figures 6 and 12. There is a remarkable feature
about ωr that can be appreciated in those figures and will be discussed below.
In both figures, representing non-constant and constant redshift functions, the
radial EoS parameter is < −1 for approximately the entire parameters space. This
indicates that the concerned WHs are filled by a phantom fluid. Recall that a
phantom fluid permeating the whole universe is an important alternative to explain
the cosmic acceleration (besides the references in Introduction, check also71,72).
Eq.(43) can be rewritten as a power series as follows:
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Fig. 12. Radial equation of state parameter ωr as a function of r and λ.
Fig. 13. Dimensionless anisotropic parameter ∆ as a function of r and λ.
ωr = −1− 9(λ+ 2pi)r
2
λ+ 3pi
− 81(λ+ 2pi)r
4
5(λ+ 3pi)
+O
(
r5
)
, (44)
so that ωr → −1 as r → 0. The above equation explicitly shows the phantom
aspect of the EoS obtained for the WH. As mentioned above, as r → 0, ωr → −1.
If that was the case for the whole WH, we would have a sort of “dark energy
wormhole”. However, as one gets away from r = 0, the “phantom contributions”
start to dominate and ωr decreases its values, characterizing a phantom WH.
WHs filled by phantom fluids have been analysed in the literature as one can
check Refs.52,73–77 In the present article, a phantom fluid has shown to be responsi-
ble for supporting WHs with the geometrical features proposed in Section 4 within
f(R, T ) theory.
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The results obtained from the energy conditions applications are quite interest-
ing. Firstly, we have shown that it is indeed possible to respect the energy conditions
in the present theory. Apart from SEC, all the energy conditions presented in Sec-
tion 4.1.1, from a non-constant redshift function, are respected, at least for a range
of values of the radial coordinate.
On the other hand, the energy conditions shown in Section 4.2.1, for a constant
redshift function, have the NEC ρ + pr ≥ 0 and SEC disobeyed. This may be an
important clue that constant redshift functions yield unsatisfactory results regarding
energy conditions applications, so that this particular case could be discarded from
further WH modelling.
The dimensionless anisotropic parameter given in Eq.(23) is depicted in Figs.7
and 13. This quantity was deeply approached in Ref.78 In Ref.,52 an EoS was given
in terms of ∆. From Figs.7 and 13 it is clear that ∆ > 0, which implies that
the geometry is repulsive in both models due to the anisotropy of the system.
One can conclude that, in principle, the repulsive character due to the anisotropy
compensates the attractive nature of gravity for a range of the parameters of the
WH models.
To finish, it is important to remark that in order to get the WH solutions we did
not need to use Eq.(13). The system of equations (10)-(12) has shown to be soluble
from the assumptions in Section 4. In this way, in the present approach, the equation
for the non-conservation of the energy-momentum tensor in f(R, T ) gravity merely
puts a stricter bound in the values of the free parameter λ. In order to our solutions
for ρ, pr and pt satisfy Eq.(13), −4 ≤ λ ≤ −3 in the logarithmic redshift function
case (Section 4.1) and λ ∼ −6.275 in the constant redshift case (Section 4.2). Note
that these values for λ are in agreement with the energy conditions, as they should
be.
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